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CHAPTER I 
INTRODUCTION 
When working in topology-, one often deals with various types of 
subspaces, decomposition spaces, and product spaces, It is useful to 
know which topological properties are inherited by These spaces from the 
original space and what additional restrictions are sufficient to ensure 
that certain properties are "induced." 
The word "induced" is meant to be flexible, It is not the purpose 
here to define rigorously a new concept of induced properties. In Chap­
ter II the induced properties are those inherited by subspaces from the 
original space. On the other hand, in Chapter V the properties of a 
family of spaces which are possessed by the product space and also the 
properties of the product space possessed by each coordinate space are 
considered "induced" properties. 
This paper consists of ninety-four theorems involving many types 
of induced properties. In order to make these properties readily ac­
cessible to the reader, an index of properties has been included. 
Chapter II, entitled "Subspaces, 11 deals with the properties en­
countered in a first year course in general topology which are Inherited 
by various subspaces. Some of the properties treated here are first and 
second countability, separation properties, compactness, a-locally finite 
bases, paracompactness, uniformities, uniform continuity, pseudo-metriz-
ability, uniform covers, completeness, nets, and totally boundedness. 
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The third chapter investigates the properties cf functions on a 
topological space X possessed by their restrictions to certain subspaces 
of X. Examples of the functions treated here are: continuous functions, 
open and closed functions, compact functions, quasi-compact functions, 
quasi-open functions, monotone functions, quasi-monotone functions and 
retractions. Properties inherited by the image spaces of functions are 
not investigated here. This is the topic for another thesis [2]. 
If in addition to being a topological space, X is a group in which 
the operations are "continuous™ then X has special inheritance properties. 
These properties are investigated in Chapter VI. It is shown, for in­
stance, that all topological groups are regular and that certain local 
properties are induced in the entire group. 
The notation and definitions of this paper are greatly influenced 
by J. L. Kelley's General Topology. The convention of using the square | 
to indicate the end of a proof is used here. Square brackets, e.g. [2], 
are used to denote the number of the reference to the bibliography at the 
end. The intersection of the sets A and B is denoted multiplicatively 
by AB except in Chapter VI in which AB denotes the product in a group of 
the sets A and B. Set intersection there is indicated by O . The nota­
tion -jx: - - -j- is read "the set of all x such that - - - . " 
The development of decomposition spaces and product spaces, although 
approached in several different ways in the references, has been unified 
by means of the projection map P* 
Since various forms of definitions appear in the literature for 
the concepts used in this thesis, many definitions are included as those 
concepts are encountered. 
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In this thesis a topological space will consist of a set X and a 
family T of subsets of X such that T is closed under the formation of 
finite intersections and arbitrary unions, and X is a member of T. The 
members of" T will be referred to as open sets in the topological space X. 
CHAPTER II 
SUBSPACES 
The induced topological properties in this chapter are the topologi­
cal properties inherited by the various subspaces of a topological space 
with the relative topology. The questions investigated here are: "What 
properties are inherited by all subspaces?" and "What restrictions are 
necessary on the subspaces for certain properties to be inherited?" The 
properties examined are in general the ones encountered in a first year 
course in general topology. 
Theorem 2.1 If X satisfies the first axiom of countability then 
each subspace A of X satisfies the first axiom of countability. 
Proof Let x be in A. Let B = -|Bi, B 2, . . . j- be a base of the 
neighborhood system of x. Consider the collection 
Let V be an open set in A containing x. It follows that V will be in 
the form AU for some open set U in X. Since B is a base, there is some 
B, in B so that x is in B and B C U. Observe that AB, CI V and hence 
each neighborhood of x in A contains a member of C which in turn contains 
Theorem 2.2 If X satisfies the second axiom of countability then 
each subspace A of X satisfies the second axiom of countability. 
C = 
x. I 
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The proof is similar to the preceding one and is omitted. 
Separability is not necessarily inherited by subspaces as is illus­
trated by the following example. 
Example 2.1 Let X consist of the points of the cartesian plane with 
non-negative y-coordinates. Let the basis for the topology of X consist 
of all open discs contained in X whose boundary does not intersect the x-
axis, together with all open discs contained in X which are tangent to 
the x-axis, including the point of tangency. 
This well known example is Hausdorff, regular, and first countable. 
The space X is separable since the collection of points in X with rational 
coordinates is dense in X. The x-axis with the relative topology is dis­
crete and therefore not separable. 
Theorem 2.3 If the subsets B and C are separated in X and A is a 
subspace of X such that BA ^  $ and CA ^ 0 , then BA and CA are separated in 
A. 
Proof An equivalent property to that of being separated is that 
B and C are both open and closed in B U C It follows that BA and CA are 
both open and closed in A(B U C), and hence BA and CA are both open and 
closed in BA (J CA. Thus BA and CA are separated in A. V 
Corollary Each subspace of a totally disconnected topological 
space is totally disconnected. 
Corollary If A is a subspace of X and C is a connected subset of 
A, then C is a connected subset of X. 
Theorem 2ok Let A be a subspace of X. If B and C is a separated 
pair of subsets of A, then B and C are separated in X. 
Proof Both B and C are open and closed in B U C considered as a 
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subspace of A« The relative topology of B (J C in A is exactly the same as 
the relative topology of B U C in X, hence both B and C are open and closed 
in X. M 
Theorem 2,5 If X is T Q, T x, or T 2 then each subspace of X is T 0, 
Tlj( or T 2 respectively= 
Proof Suppose X is T2« Let A be a subspace of X and let x and y 
be members of A such that y ^  x, There are open disjoint sets U, V in X 
such that x is in U and y is in V. The required disjoint neighborhoods 
of x and y in A are UA and VA respectively. The proofs for T Q and Ti are 
similar. 
Theorem 2*6 If X is normal then every closed subset A of X is 
normal. 
Proof Let B and C be closed disjoint subsets in A. Since A is 
closed in X it follows that B and C are closed in X. There are open dis­
joint subsets U and V in X such that B C U and C C V. The desired dis­
joint neighborhoods in A containing B and C are UA and VA respectively. JB 
To show that the theorem is false without the condition of A being 
closed, consider the following example. 
Example 2.2 Let X consist of the four points a, b, c, and d. Let 
the open sets be "j^ 3^ "j^ a> kjv "j3-; CT> ^>> <\> X andO . The closed subsets 
are -jb, c, dj-, -|"c. dj-, -jb, dj-, ^ j* ^ ^* There a x e n o non-empty disjoint 
closed sets so that the normality of X follows trivially. Let A= -ja, b, c 
The closed subsets a n (^ "j'cj" are disjoint* Each open set contains a, 
therefore there are no disjoint neighborhoods., 
Definition 2 01 A topological space X is completely normal if and 
only if X is Ti and for each pair of separated sets H, K there is a dis-
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joint pair of open sets U, V such that U contains H and V contains K. 
Theorem 2.7 If X is completely normal then each subspace of X is 
completely normal. 
Proof Let A be a subspace of X and let H, K be a separated pair 
of sets in A. By Theorem 2,k it follows that H, K is a separated pair of 
sets in X. There are open sets U and V in X which are disjoint and such 
that H C U and K C V. The sets UA and VA are disjoint open sets contain­
ing H and K respectively. The property of T x is inherited by Theorem 2.5. M 
Theorem 2.8 If X is regular then each subspace of X is regular. 
Proof Let A be a subspace of X. Let x be a member of A, let U be 
an open set in A containing x. There is an open set V in X such that 
U = VA. Since X is regular there exists a closed neighborhood W of x in 
X such that W C V. Now WA is a closed neighborhood of x in A such that 
W A C U . • 
Definition 2.2 A topological space X is completely regular if and 
only if for each x in X and for each neighborhood U of x there is a con­
tinuous function f on X into the interval [0, l] (with the usual topology) 
such that f(x) = 0 and f is identically one on the complement of U. If, 
in addition, X is Ti then X is a Tychonoff space. 
Theorem 2.9 If X is completely regular then each subspace of X is 
completely regular. 
Proof Let x be in the subspace A of X and let U be an open set in 
A which contains x. There is an open set V in X such that U = VA. Since 
X is completely regular, there exists a continuous function f on X into 
[0,l] such that f(x) = 0 and f is identically one on X-V. The restriction 
f/A is continuous (see Theorem 3-1) and has the properties required in the 
8 
definition. I 
Corollary Each subspace of a Tychonoff space is a Tychonoff space. 
Definition 2.3 A topological space X is locally connected if and 
only if for each point x in X and each neighborhood U of x the component 
of U containing x is in turn a neighborhood of x. 
Theorem 2.10 Let X be a locally connected space, then each open 
subset of X is locally connected. 
Proof Let A be an open subset of X, let x be in A, and let V be 
an open set, in A containing x. There is an open set U in X such that 
V = AU. Now UA is open in X so that the component C of UA containing x 
is a neighborhood of x in X and therefore is a neighborhood of x in A. S 
Definition 2.^ A topological space is connected im kleinen if and 
only if for each x in X and for each open set U containing x there is an 
open set V containing x such that V CI U and for each y in V there is a 
connected subset of U containing both x and y. 
Theorem 2.11 If X is connected im kleinen then each open subset 
is connected im kleinen. 
Proof Let A be an open subset of X, let x be in A and let U be 
an open set in A containing x. The set U is also open in X since A is 
open in X and therefore there exists an open set V with the properties 
described in the definition. | 
Definition 2.5 A topological- space X is compact if and only If 
each open covering of X has a finite subcover which covers X. 
Definition 2.6 A topological space X is locally compact if and 
only if each x in X has a compact neighborhood. 
Theorem 2.12 Both compactness and locally compactness are inherited 
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"by closed subspaces of X. 
Proof Suppose X is locally compact. Let A be a closed subset of 
X, and let x be in A. Since X is locally compact, there is a compact 
neighborhood V of x in X. The intersection AV is a closed subset of V 
and is therefore compact and a neighborhood of x in A. The fact that 
closed subsets of compact sets are compact is stated in most topology 
texts. H 
Theorem 2.13 If the locally compact topological space X is regular 
then each open subset A is locally compact. 
Proof Let x be a member of A. There is a compact neighborhood V 
of x in X. There is an open set U contained in V such that x is in U 
and by the regularity of X there is a closed neighborhood W of x con­
tained in UA. The set W is a closed subset of the compact set V and is 
therefore compact. f§ 
Theorem 2.1^ Let A be a subspace of the topological space X and 
let C be a subset of A. The set C is compact in A if and only if C is 
compact in X. 
Proof Let ^ JqJ ^ e a n °P e n covering of C in A. Each U & is of the 
form VaA, where each V a is open in X. Now " j ^ v a | - covers C in X and there­
fore there is a finite subcovering 
which also covers C. T^ he corresponding elements of -I U 
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form the required subcover. 
Conversely, suppose C is compact in A. Let -{V \- be an open cover 
of C in X. Let U = V A for each V in^V L The collection ~lU I is an 
a a a ^ aj 1 af 
open covering of C in A and hence there is a finite subcover 
U , . . . , U 
ai a. 
which covers C in A. The elements V , . . . V cover C. H 
ai a x
 n 
Definition 2.7 A topological space X is sequentially compact if 
and only if each sequence of elements of X has a convergent subsequence. 
Theorem 2.15 If X is a sequentially compact topological space 
then each closed subset is sequentially compact. 
Proof Let A be a closed subset of X. Let -4 x i- be an infinite 
n[ 
sequence in A. Since i x n|- i-s also an infinite sequence in X, there is a 
convergent subsequence ^  Xn^J wkich converges to some x in X. However, x 
is a limit of the subsequence and hence must belong to A. It follows 
that the subsequence " ^ x n ^ J " ^ s a c o n v e rg e n't subsequence in A. J | 
Definition 2.8 A topological space X is countably compact if and 
only if every infinite subset of X has a limit point in X. 
Theorem 2.l6 Each closed subset of a countably compact space X 
is countably compact. 
The proof is similar to that of Theorem 2.15. 
Definition 2.9 A family A of subsets of a topological space X is 
locally finite if and only if for each x in X there is a neighborhood U 
of x which intersects only finitely many of the members of A. 
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Definition 2.10 A family A of subsets of a topological space is 
a-locally finite if and only if A is a countable union of locally finite 
families. 
Definition 2.11 A family A of subsets of a topological space X is 
discrete if and only if for each x in X there is a neighborhood U of x 
which intersects only one member of A. 
Definition 2.12 A family A of subsets of a topological space is 
a-discrete if and only if A is the countable union of discrete families. 
Theorem 2.17 If X has a a-locally finite (a-discrete) base then 
each subset B has a a-locally finite (a-discrete) base. 
Proof Let A be a a-locally finite base for X. The collection A 
oo 
Is of the form U U., where each U. is locally finite. The family 
i=l 1 1 
00 
is a base for B and furthermore S = U v. where 
to. 1 
Let i be a positive integer and let x be in B. There is an open set W 
containing x and which intersects only finitely many of the members of XJ 
say ux, . . . , u^. Thus WB intersects only Bux, . . . , Bu^ or in other 
words only finitely many of the elements of v_^ . It follows that S is a 
a-locally finite base for B. The proof for the a-discrete case is simi­
lar. M. 
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Recall that normality is not in general inherited by subspaces. 
Theorem 2.17 together with the following lemma yields a condition for X 
in which all subspaces are normal. 
Lemma A regular topological space X which has a a-locally finite 
base is normal. 
For a proof see [3L P« 127. 
Regularity and the property of having a a-locally finite base are 
inherited by all subspaces (Theorem 2.8 and Theorem 2.17). The next theo­
rem follows from the last remark and the above lemma. 
Theorem 2.l8 Normality is inherited by all subspaces of a regular 
topological space with a a-locally finite base. 
Definition 2.13 A cover B of a set X is a refinement of a cover C 
of X if and only if each member of B is a subset of at least one member 
of C. 
Definition 2.lk A topological space X is paracompact if and only 
if it is regular and each open cover of X has a locally finite refinement 
which is an open cover. 
Theorem 2.19 If X is a paracompact topological space then each 
closed subset is paracompact. 
is an open cover for X and therefore there is an open locally finite re-
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finement "jW^ j-. The required locally finite open refinement of -{V^y is 
A w bj~ • 
In order to investigate properties of uniform convergence, uniform 
continuity^ and Gauchy sequences without introducing a metric, the concept 
of a uniform topological space is useful. The uniform space, according 
to J. L. Kelly, is due to A. Weil [3]. 
Definition 2.1^ Let U be a subset of the cartesian product X X X. 
The inverse U' of U is the subset of X x X consisting of all (x, y) such 
that (y, x.) is in U. 
Definition 2.l6 Let U and V be subsets of X x X. The symbol U«V 
denotes the subset of X X X consisting of all (x, y) such that there is a 
z in X so that (x, z) is in V and (z, y) is in U. 
Definition 2.17 Let X be a set and let U be a collection of non-empty 
subsets of X x X. The collection U is a uniformity for X if and only if 
(1) each member of U contains the diagonal; 
(2) u' is in U for each u in U; 
(3) for each u in U there is a v in U such that v«v d u ; 
(k) U is closed under finite intersections; 
(5) if ueU and u ci v d X X X, then veU. 
Definition 2„l8 A subcollection B of a uniformity U is a base for 
U if and only if each member of U contains a member of B. A subcollection 
S of U is a subbase for U if and only if the collection of finite inter­
sections of members of 8 is a base for U. 
Definition 2„19 Let u be a subset of X X X and let x be in X. 
The symbol u[x] denotes the subset of X consisting of all y such that 
Ik 
Definition 2.20 Let U be a uniformity for a set X. The uniform 
topology for X is the collection of all subsets V of X such that for each 
x in V there is a u in U so that u[x] CIV. The pair (X, U) is called a uni­
form topological space. 
Theorem 2,20 If U is a uniformity for a set X and A is a subset 
of X then 
V = -jv : v = u(A x A) for some u in Uj-
is a uniformity for A. 
Proof Clearly the diagonal of A X A is contained in each v in V. 
If v is in V then v' = u'(A X A) for some u In U, and since u' is in U 
it follows that v' is in V. Let v x and v 2 be in V. It follows that v^Va = 
(u!U2)(A x A) for some members u± and u 2 of U. However, u^ _U2 is in U and 
hence is a member of V. Let v = u(A x A) be a member of V where u 
is in U. Since U is a uniformity there is an element w in U with the 
property that w«wdU. A straight forward argument by double inclusion 
yields the following set identity: 
(w(A X A))'(w(A X A)) = (w<w)(A X A). 
But w(A X A) is in V and (w-w)(A X A) d u(A X A) = v. Now if v is in V 
and v C v : C A X A then u(A X A) CL v x C A X A and hence u c v i [ J (X X X -
A X A). Since U is a uniformity it follows that v x (J (X X X - A X A) is 
a member of U and hence v1? its intersection with A X A, is in V. | 
Lemma Let X be a uniform topological space with uniformity U and 
1 ^  
let x be in X. The collection of sets in the form u[xj for u in U is a 
base for the neighborhood system of X. 
For a sketch of the proof see [3] p. 179• 
Theorem 2.21 If X is a uniform topological space with a uniformity 
U, then each subspace A of X with the relative topology is a uniform space 
with the uniformity V of Theorem 2.20. 
Proof By Theorem 2.20 the set 
V = \ u(A X A) 1 u is in U 
is a uniformity for the set A. Let v be in V, then v is in the form 
u(A X A) for some u in U. A straightforward double inclusion argument 
yields the following set identity for each x in X° 
v[x] = (u[x])A. 
Since each u[x] is a neighborhood of x in X, it follows that each v[x] is 
a neighborhood of x in the relative topology of A. Let G be an open set 
in the relative topology of A. There is an open set w in X so that G = Aw. 
Since w is open in the uniform topology for X, there is a u in IT so that 
u[x]d w. Thus v[x] = (u[x] )A d Aw = G and therefore G is open in the 
uniform topology of A with uniformity V. I 
Definition 2,21 A function f on a uniform topological space (X, U) 
into a uniform topological space (Y, V") is uniformly continuous relative 
to U and V if and only if for each v in V the set j^ (x;, y) 1 (f(x), 
f(y)) is in vj- is a member of Uo 
16 
Theorem 2,22 If f is a uniformly convince-.,:? function on the uniform 
topological space (X, U) into the uniform topological ppsce (Y, V) then for 
each subset A of X, the restriction f/k is uniformly continuous on (A, U*) 
onto (f[A], V*), where U* and V* are the rela\? ve ur Lformit ies of Theorem 
2.20. 
Proof Let v be in V*. There is seme w tr V so that v = w(f[AJ X 
f[A]). Define the set u in U by 
u = j(x,y) : (f(x), f(y)) In w 
Consider the set u* where u* is defined by 
|(x,y) : (x.y)c A X A, and ((f/A)(x), (f/k) (y) )ev( f [ A] x f [a] ) 
A short calculation shows that u* = (A X A)n and therefore it follows that 
u*eU*. | 
Uniformities for a set X can be generated by a metric or a pseudo-
metric as is outlined in the next definition. 
Definition 2.22 Let d be a pseudo-metric or, a set X. For each 
positive integer r let V, denote the collection of all (x, y) in X x X 
d, r 
such that d(x. y) < r. The collection of all V\ for a fixed d is a base x 3 J
 d, r 
for a uniformity for X, called the uniformity generated by d. The details 
verifying that the above collection forms a. base are found in [3] p» 184 = 
Definition 2.23 A uniform space (X, h) is p?eudo-metrizable(metriz-
able) if and only if U is the uniformity generated by Fome pseudo-metric 
(metric). 
IT 
Theorem 2.23 1^ " (X. U) is pseudo-metrizable then each subspace A of 
X is pseudo-metrizable. 
Proof Let d be a pseudo-metric for X which generates the uniformity 
U. Let d* be the restriction d/(A X A). Let U* be the relative uniformity 
for A in Theorem 2.20. Now clearly ^ = (V, ^ ) (A X A) for each positive 
r. Since each Y is in U it follows that each 7,„ is in U*. Let u be d, r a*7 r 
in U*. There is some w in U so that u = w(A X A). There is a V-. with 
v
 ' d, r 
the property that V. C w and hence V,.. =•• ("V" )(A X A) CZ>~(A X A) = u. 
d, r d*, r d, r 
Thus the collection of all V_„ is a base for U*. M 
d*> r 
The notion of pseudo-metrics generating uniformities admits a 
generalization to families of pseudo-metrics. 
Definition 2.2*1 Let P be a family of pseudo-metrics on a set X. 
The collection of all V for r > 0 and p in P forms a subbase for a 
p,r 
uniformity for X, called the uniformity generated by P. 
Theorem 2.^ 24 Let. (X, U) be a uniform topological space generated 
by a family of pseudo-metrics P and let A CX. The uniform space (A, U*) 
is generated by the family which consists of the members of P restricted 
to A X A. 
A proof of the above theorem can be constructed along the lines of 
the proof of Theorem 2*23. 
Definition 2.25 Let A be a subset of a uniform topological space 
(X,LT). A cover C of A is a uniform cover of A if and only if there is 
an element u in U so that u[x] is contained in some member of C for each 
x in A. 
Theorem 2.25 Let C be a uniform cover of the subset A of (X, U). 
Let Y be any subset of X which contains at least one point of A* The 
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cover C* = -j^cY : ceCJ- is a uniform cover in (Y, U*) of AY, where U* is the 
relative uniformity of Theorem 2.20. 
Proof There is some u in U so that u[x] d c for some c in C and 
for each x in A. Let v he the member of U* defined by v = u(Y X Y). It 
follows that v[x] = u[x]Y CZcYeC*. 1 
A topology on X induces the product topology on X x X. For a defi­
nition of the product topology see Definition 5»3-
Definition 2.26 A cover C of a topological space X is an even 
cover if and only if there is a neighborhood V of the diagonal in X x X 
such that for each x in X the set V[x] is a subset of some member of C. 
Theorem 2.26 If every open cover of X is even then each closed 
subset A of X inherits this property. 
Proof Let -{c \ be an open cover of A relative to A. For each C 
there is an open set V in X so that C = AV . Hence the collection 
a a a 
F = "l^aj" U -|x - a|- is an open cover of X. Since each open cover of X is 
even, there is a neighborhood w of the diagonal so that for each x in X 
there is some V in F so that w[x] CLV. But for x in A it follows that 
V= V for some V in -J V I and thus (w(A X A))[x] = w[x]A<ZAV el C L 
a a i a a a 
Thus w(A X A) is the desired neighborhood of the diagonal in A X A. | 
It was remarked earlier that one of the uses for the uniform topo­
logy is to study Cauchy sequences. The Cauchy net is a generalization of 
the Cauchy sequence. In the following two theorems the word "net" may be 
replaced with the word "sequence." 
Definition 2.27 The pair (D, l) is called a directed system if and 
only if D is a set and ^ is a binary relation on D such that 
(a) ^ is transitive; 
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(b) 1 is reflexive % 
(c) for each m and n in D there is a p in D so that p ^  m and 
p ^  no 
The set D is called a directed set 
Definition 2,28 A net is a function S whose domain is a directed 
set. 
Def iriition 2,29 A net S with domain D converges to a point y in 
the topological space X if and only if the range of S is contained in X 
and for each open set U containing y there is an element m in D such that 
S(n) is in U for each n ^  m. 
Theorem 2.27 Let A be a subset of the topological space X. If S 
is a net in A and if S converges to the point s in A relative to the topo­
logy of X then S converges to s relative to the subspace topology of A. 
The proof is left for the reader„ 
Definition 2-,30 Let S be a net with directed set D and whose 
range is a subset of the uniform topological space (X, U)« The net S is 
a Cauchy net if and only if for each u in U there is an element p in D 
such that (S(n), S(m)) is in u for each pair m» n such that m ^ p and n ^  p 0 
Theorem 2,.28 Let A be a subset of a uniform topological space 
(X,U). If S is a nex whose range is a subset of A, and if S is a Cauchy 
net relative to U then S is a Cauchy net relative to U*, the relative 
uniformity of A given in Theorem 2 20, 
Proof Let v be in - There is some u in U so that v = u(A X A) 
There is a p in D so that for each m and n such that m ^ p and n § p then 
(s(n),S(m)) is in u However, each (S(n), S\m)) a A X A and hence (S(n), 
S(m)) is in v for in ? p and r, ^ p- f$ 
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Definition 2.31 A uniform topological space X is called complete 
if and only if each Gauohy net in X converges to a point of X. 
Theorem 2.29 Each closed subspace of a complete uniform topologi­
cal space is complete. 
Proof The proof follows from the fact that convergence points of 
a net are in the closure of its range* §| 
Definition 2.32 A uniform topological space (X, U) is totally 
bounded if and only if for each u in U the set X is the union of a finite 
number of sets E with the property that B X B CL u. 
Theorem 2*30 If (X* U) is totally bounded then each subspace A of 
X with the relative uniformity of Theorem 2.20 is totally bounded. 
Proof Let (A^U*) be any subspace of (X, U). Let u = v(A X A) for 
some v in U be a typical element of U** Since X is totally bounded there 
is a finite number of sets B x, .• - , , B such that B, x B, c v for k=l, 
n k. k. 
n 
2, . . . . n, and X = (J B . Let B* = B RA for b=l, . . . , n. It 
k=l 
follows that B* X B* = B, X B, (A X A) e. u and (J B* = A. 1 
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CHAPTER III 
FUNCTIONS 
In this chapter many varieties of functions on topological spaces 
are studied in order to find out whether or not a function possessing a 
specific property maintains that property when restricted to a subset of 
the space. If such a function does not maintain that property, an attempt 
is made to determine what additional restrictions on the subsets are neces­
sary in order to do so. 
Definition 3*1 A function f on a topological space X into a topo­
logical space Y is continuous if and only if for each open set V in Y, 
the inverse set f _ 1 [v] is open in X. 
Theorem 3*1 Let f be a continuous function on a topological X 
into a topological space Y and let A be any subset of X. The restriction 
f/A is continuous on A into Y. 
Proof Let V be open in Y. Then (f/A)-1[V] = AfMv] which is an 
open set in the topology of A. M 
Corollary If f is a homeomorphism on X onto Y then f/A is a homeo-
morphism on A onto f[A] for each subset A of X. 
Definition 3»2 A function f on the topological space X onto the 
topological space Y is open(closed) if and only if f maps each open(closed) 
set in X onto open(closed) sets in Y. 
Theorem 3»2 Let f be an open(closed) function on a topological 
space X into a topological space Y. For each open(closed) subset A of X, 
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f/A is open(ciosed). 
Prcof Suppose f is open. Let u be open in A. Since A is open in 
X it follows that u is open in X and thus f[u] is open in Y. A similar 
argument holds for f closed. f§| 
Theorem 3*3 If f is a one to one open(closed) function on a topo­
logical space X into a topological space Y then the restriction f/A is open 
(closed) for each subspace A of X. 
Proof The theorem follows from the fact that for one to one func­
tions f, f[Afl B] = f[A] (1 f[B]. • 
Lemma Let f be a function on a set X into a set Y. If A is an in­
verse set then f[AB] = f[A]f[B] for all subsets B of X. 
The proof follows quickly using a double inclusion argument. 
Theorem ^.k Let f be a function on a topological space X into a 
topological space Y and let A be an inverse set. The restriction f/A is 
open(closed) if f is open(closed). 
The proof follows from an application of the preceding lemma. 
Definition 3«3 A continuous function f from a topological space X 
onto a topological space Y is compact if and only if the inverse of every 
compact set is compact. 
Theorem 3•5 Let f be a compact function on the Hausdorff topologi­
cal space Xonto the topological space Y. For each closed subset A of X, 
f/A is compact. 
Proof Let K be a compact subset of f[A]. Since f _ 1[K] is compact 
and X is Hausdorff it follows that f _ 1[K] is closed. Thus (f/A)_1[K] = 
A f M K ] , and is therefore compact. M 
Theorem 3-6 Let f be a compact function on the topological space X 
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onto the topological space Y and let A he an inverse set, then f/A is a 
compact function. 
Proof Let K be a compact subset of f[A]. By Theorem 2.lk K is com­
pact in Y and hence f _ 1[K] is compact in X. But since A is an inverse set, 
(f/A)"1[K] = f _ 1[K] and therefore by Theorem 2.lk it follows that (f/A)-1[K] 
is compact in A. |i 
Definition 3»^ Let f be a function on a topological space X onto 
a topological space Y. The function f is quasi-compact if and only if for 
each open set in the form f~ 1[v], the set V is open in Y. 
Theorem 3*7 If f is a quasi-compact function on the topological 
space X onto the topological space Y and A is an open inverse set then 
f/A is quasl-compact. 
Proof There is a subset T of Y such that A = f _ 1[T]. Let B = 
(f/A) _ 1[v] be open in A where VCZ T. Then B = f- 1[v] and B is open in X 
since A is open in X. Now f is quasi-compact. Therefore V is open in Y 
and, consequently, is open in T. ]H 
The following counterexamples illustrate that the conditions on A 
in the previous theorem are not superfluous. 
Example 3-1 Let X = -jl, 2, % k^. and let the open sets be j^ljx, jV]., 
1, 2^y X, and 0 * Let Y = -jl, Ilj- with the indiscrete topology. Define f 
by f(l) = f(3) = I and f(2) = f(k) = II. The function f is quasi-compact. 
Let A be the open set -jl, 2j-. Now f _ 1[l] = 1 is an open inverse set, but 
f(l) is not open in f[A]. The trouble here is that A is not an inverse 
set.. 
Example 3°2 Let X = jl, 2, 3, k[ and let the open sets by -|l|, -jl, 2^, 
X and Let Y = -jl, II, I III have the indiscrete topology. Define f by 
2k 
f(l) = t{k) = I, f(2) = II, and f(3) = III. Let A= f 1 [|ll, IIl|] = J2, 3I. 
Now -J2J- = f_1[^Il|j is open in A but f(2) = ^ I : c| i s n o t °P e n i n Y- T h e 
trouble here is that A is net open in Y. 
Definition 3-3 Let f be a function on a topological space X onto 
a topological space Y. The function f is quasi-open if and only if for 
each y in Y and for each compact component K of f - 1(y) and for each open 
set U containing K, f[u] is a neighborhood of y in Y. 
Theorem 3»8 Let f be a quasi-open function on the topological 
space X into the topological space Y. If A is an inverse set then f/A is 
a quasi-open function on A onto f[A]. 
Proof Let y be in f[A] and let K be a compact component of f - 1(y) 
in A. By Theorems 2.3 and 2.4 it follows that K is also a compact com­
ponent of f - 1(y) in X. Let U be an open set in A containing K. There is 
an open set V in X such that U = AV. Now f(V) is a neighborhood of y in 
Y and f(VA) = f(v)f(A) since A is an inverse set. Hence f(u) is a neigh­
borhood of y in f[A]. I 
Definition 3»6 A function f on a topological space X into a topo­
logical space Y is monotone if and only if for each y in Y, f - 1(y) is 
connected. 
Theorem 3«9 Let f be a monotone function on the topological space 
X into the topological space Y and let A be any inverse set, then f/A is 
monotone. 
Proof Let y be in f[A], then f _ 1(y) = (f/A)-1[y]. Now f - 1(y) is 
connected in X and hence by Theorem 2*k f - 1(y) is connected in A. ft 
Definition 3°7 Let f be a continuous function on the topological 
space X onto the topological space Y.- The function f is quasi-monotone 
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if and only if for each continuum K with non-empty interior in Y, f _ 1[K] 
has a finite number of components, each mapping onto K under f. 
Lemma Let f be a continuous function on the locally connected con­
tinuum X onto Y, then f is quasi-monotone if and only if each component of 
the inverse of each region R(i.e. open, connected) in Y maps onto R under f. 
For a proof see [6], p. 152. 
Theorem 3*10 Let X be a locally connected continuum and let f:X -* Y 
be a quasi-monotone map onto Y, and let B be a region in Y, then if A is 
any component of f~1[B], f/A is quasi-monotone. 
Proof By the above lemma f[A] = B. Let K be any continuum of 
f[A], with non-empty interior relative to f[A]. Then K is a continuum 
with a non-empty interior in Y since B is open in Y. Hence (f/A)_1[K] = 
f-MKJA. The components of (f/A)_1[K] will be those of f-1[K] which are 
contained in A since A is a component and thus there will be only finitely 
many, each of which map onto K under f/A. 1 
Theorem 3*11 Let f be a quasi-monotone function on the topological 
space X onto the topological space Y and let B be an open set in Y. If 
A = f""1[B] then f/A is a quasi-mo no tone function. 
Proof Let K be any continuum of B with non-empty interior relative 
to B. By the corollary to Theorem 2.3 and the Theorem 2.1^, K is also a 
continuum in Y and furthermore K has a non-empty interior relative to Y 
since B is open in Y. Hence (f/A)~1[K] has only a finite number of com­
ponents, each of which map onto K under f/A. M 
Definition 3»8 A function f on a topological space X into a topo­
logical space Y is called light if and only if the inverse of each point 
in Y is totally disconnected. 
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Theorem 3-12 If f is a light function on a topological space X 
into a topological space Y then f/A is a light function for each subset 
A of X. 
Proof Let y be in Y. The set (f/A)"1[y] is a subset of f _ 1[y] 
which is totally disconnected in Y and thus by the corollary to Theorem 
2.3, (f/A)"My] is totally disconnected. M 
Definition 3»9 Let X be a topological space and let Y be a subset 
of X. The function f on X onto Y is a retraction of X onto Y if and only 
if f is continuous and for each y in Y f(y) = y. 
Theorem 3»13 Let f be a retraction of the topological space X onto 
Y. If A is any subset of X containing Y then f/A is a retraction of A 
onto Y. 
The proof is simple and is left for the reader. 
Theorem 3«1^ Let f be a retraction of the topological space X 
onto Y. Let A be any inverse set, then AY $ and f/A is a retraction of 
A onto AY. 
Proof The continuity of f/A follows from Theorem 3»1- By the 
lemma preceding Theorem 3-^ it follows that f[AY] = f[A]f[Y] and hence 
f[A]Y= f[A] = f [ AY] = AY. • 
DECOMPOSITION SPACES 
The properties of a topological space X which are inherited "by vari­
ous decomposition spaces of X and the relative decomposition for subspaces 
are the main subjects in this chapter with emphasis placed on upper semi-
co.ct inuous de ccmpo s it ion s . 
Definition 4.1 Let f be a function on a topological, space X onto 
a set Y. The quotient topology for Y relative to f is the topology con­
sisting of all the subsets of Y which have open inverses under f. 
For the details in verifying that the quotient topology is indeed 
a topology see [3], P* 9^ -
Definition k.2 Let X be a set. A collection D of pair-wise dis­
joint subsets of X is a decomposition of X if and. only if the union of 
the members of D is X. 
Definition 4^3 Let X be a set with a decomposition D. The pro­
jection map P is the function defined on X with range D whose value at 
each x in X is the member of D containing x* 
Defin_it.ion k.k Let X be a topological space and let D be a decom­
position of Xo The decomposition space X/D is the set D with the quotient 
topology relative to the projection map P. 
Definition k*^ Let X be a topological space. If a decomposition 
D consists of the equivalence classes of a relation R on X x X, then the 
decomposition space X , / D is written x/R. 
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The following, through Theorem 4.J. is a summary of the paper in 
Let X and X* be topological spaces with equivalence relations R and 
R* respectively. Let f:X ->X* be a function such that if (x, y) is in R 
then (f(x), f(y)) is in R*. A function f*:X/R -> X*/r* is induced as follows 
f*[R[x]] •= R*[f(x)] for each R[x] in x/R, 
where R[x] denotes the equivalence class containing x. 
It is natural to ask "what properties of f are inherited by f*?" 
Theorem 4.1 If f is continuous then f* is continuous. 
Definition 4.6 The function f is 1-1 (R, R*) if and only if (x, y) 
is not in R implies (f(x),f(y)) is not in R*. 
Theorem 4.2 If f is l-l(R, R*) and onto then f is open(closed) im­
plies f* is open(closed). 
Theorem 4.3 If f is a homeomorphism then f* is homeomorphism if 
and only if f is l-l(R, R*). 
Theorem 4.4 If X* has the quotient topology then X*/r* has the quo­
tient topology relative to f*. 
Theorem Let X be compact and let x/R be Hausdorff. If f pre­
serves compactness then f* preserves compactness. 
Theorem 4..6 Let f be l-l(R, R*) and onto. If the projection map P 
is closed, and if f~1[A*] and f^B*] are separated whenever A* and B* 
are separated in X* then f* preserves connectedness. 
Theorem 4.7 Let f be a l-l(R, R*) and onto function. If P* is 
closed and if f preserves the property of being separated then so does f*c 
[4]. 
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The proofs of the preceding seven theorems are in [4]. 
The quotient topology (Definition 4.i) on X / D forces the projection 
map P to be continuous which yields the next theorem^ considering X / D as 
a continuous image of X . 
Theorem 4.8 If the topological space X with decomposition D is 
compact, connected, LindelftfS or separable then X / D is compact, connected, 
Lindel8ff, or separable, respectively-
The following theorem appears as an exercise in [3J• 
Theorem 4.9 The decomposition space X / D is Ti if and only if the 
members of D are closed in X » 
Proof Suppose X / D is T l B Each P [ K ] is closed for each K in D 
since points of Tj. spaces are closed... Now P - 1 P [ K ] = K and hence K, the 
inverse of a closed set under a continuous map, is closed. 
Suppose each K in D is closed in X . Let H and K be distinct mem­
bers of D. The complement X - H is an open set containing K. Now 
P[x - H] is an open set in the quotient topology of X / D since P " 1 P [ X - H] = 
X - H . Furthermore, p [ X - H ] contains K and does not intersect H . Simi­
larly, p [ X - K] is a neighborhood of P [ H ] not containing P[K]. I 
Theorem 4^ .10 Let the set X have a decomposition D and let A be a 
subset of X . The collection D* = - J KA: KC D J- is a decomposition for A, 
The proof is a simple exercise in set algebra. 
Definition 4.7 The set D* in Theorem 4.10 is called the relative 
decomposition for A * If X is a topological space then A / D * is called the 
subdecomposition space for A . 
Definition 4.8 A decomposition D of a topological space X is upper 
semi-continuous (u.s.c.) if and only if for each open set U in X the union 
of the sets in D contained in U is open in X : Equivalently, D is u.s.c* 
if and only if for each closed set F in X the union of sets in D inter­
secting F is closed. For the definition of a lower semi-continuous (l.s.c 
decomposition interchange the words open and closed. 
Theorem 4.11 Let D be an u.s.c. or a l.s.c. decomposition for the 
topological space X and let A be the union of the members of some subeol-
lection C of D. If D* is the relative decomposition for A then A / B * is 
identically C with the relative topology in X / D „ 
Proof The set D* = j^ KA: KeD~| = | K : Kec| = C . Let U be open in C 
with the relative topology in x/D* There is an open set V in x/D such 
that U = V C . By the definition of quotient topology P - 1 [ v ] is open in X , 
Hence P* - 1 [v] = P - 1 [v]A which is open in A with the relative topology of 
A in X , and thus U is open in A / D * . 
Suppose D is u.s.c. Let U be open in A / D * . It is easy to show 
that P-^Mu] = P - 1 [ U ] A = P _ 1[U] from the structure of A. Now P _ 1 [u] is 
open in A with the relative topology in X since P^"1[u] is open in A, 
and therefore P _ 1 [u] = WA for some open set W in X . Let G = - J K : KeD and 
K CLwj-» The set P " 1 [ G ] is open in X since D is u.s.c. and moreover G C = U 
Thus U is open in C with the relative topology in x/D. 
If D is l.s.Co then an analogous argument based on the closed sets 
of each topology gives the conclusion-- H 
Theorem k.12 Let D be an u.s.c. decomposition of the topological 
space X and let A be a closed subset of X - The relative decomposition D* 
for A is an U o S . c decomposition. 
Proof Let F be a closed subset of A , The set F is closed in X 
r ^ 
and hence the union V = ( J -jd. deD and dF ^ l>s closed in X . Let V * 
?1 
(J -jd*: d*eB* and d*F 5^-mV^ calculation yields V* = AY and there-
for Y* is closed ir A. 9 
Replacing closed sets ty open sets in Theorem 4,12 yields the dual 
theorem" 
Theorem 4.13 If D is a l.s.c. decomposition of the topological 
space X and if A is an open subset of X then the relative decomposition 
D* for A is a l.s.c decomposition, 
Theorem 4.l4 Let D be an u.s.c.(l.s.c.) decomposition of a topo­
logical space X. If A is an inverse set under the projection map P then 
the relative decomposition D* for A is an. u.s.c(l.s.c.) decomposition. 
Proof Suppose D is an u.s.c. decomposition. Let U be an open set 
m A and let V = \J jd*: d*eD* and d* CZ uj.. It follows that V - (J jdA: 
deD and dA CZ Uy. However, either dA = d or dA = $ for each d in D since 
A is an inverse set. Thus V = U"j^ ; d € D a n d- d CI uj- and therefore V is 
open in X by the upper semi-continuity of D which proves that V is open 
in A. 
If D is l.s.c. the proof is similar. J| 
The following theorem is a modification of Theorem 3=33 in ll]. 
Theorem 4.15 If X is a compact Hausdorff space and if D is an 
u.s.c. decomposition of X such that each element of D is a closed subset 
of X then X/D is a compact Hausdorff space. 
Proof The compactness follows from Theorem 4.8. Each compact 
Hausdorff space is normal (see [3], p. l4l). Let H and K be a disjoint 
pair of members of D. There are open disjoint neighborhoods U and V of 
H and K respectively. Let U* = ijj^ d: deD and d CZ uj- and let V* = IJ j ^ 
deD and d CZvj-„ Since D is u.s.c. then IT* and V* are open disjoint 
neighborhoods of H and K respectively. Hence p[ll*] and p[V*j are open 
disjoint neighborhoods of H and K, respectively, in X / D . H 
Lemma If X is a regular topological space and if U is a neighbor 
hood of the compact subset A of X then there is a neighborhood V of A 
such that A oVc~ VC~U, where V denotes the closure of V. See [3], 
p. ikl for a proof. 
Theorem k.l6 If X is a regular topological space and if D is an 
u.s.c. decomposition of X whose elements are compact subsets of X then 
x/D is a regular topological space. 
Proof Let d be an element of D and let U be any open set in X , / D 
which contains d. The set P"1[d] is compact in X and P _ 1 [u] is a neighs 
borhood in X of P _ 1[d]. Thus by the lemma there is an open set V in X 
so that P _ 1[d] C V C V and V C P " 1 [ u ] . Let W = (J | K . KGD and KOv|. 
The set W is open in X and since W C V and W CIV then P~x[d] C W C W CZ 
VC1P" 1[U]. Now P[w] is a neighborhood of d since W is an open inverse 
set. Let c be any point in X/D - U. It follows that P _ 1[c] C X -
P"Mu] d X - W. Let T be the open set X - W and let S = (tj^d: dcD and 
d CZTJ-. The set S is an open inverse set. Hence P[s] is an open set in 
X/D and therefore ceP[s] C P[X - W]C=P[X - W] = x/D - P[w]. The set 
P[S] is a neighborhood of c in x/D not intersecting P[w] and thus 
p[w)cu . 1 
Theorem k.YJ If X is a topological space satisfying the second 
axiom of countability and if D is an u.s.c, decomposition of X whose ele 
ments are compact subsets of X then x/D satisfies the second axiom of 
countability. 
Proof Let -{B [• be a countable base for X. Let C be the countabl 
n| 
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n 
collection consisting of all the sets in the form U B for each finite 
. -i a. i=l 1 
set of positive integers -ja1; . . . For each c in C define c* by 
c* = U^d: deD and d CZ cj-. Let C* be the collection of all the c*'s. 
Define the countable collection F of open sets in X/D by F = jp[c*] : 
c*eC*j-. Let U be an open set in X/D and let d be in U. For each x in d 
there is a B in ^  B I so that xeB ClP" 1 [u] . The B 's form an open 
n nf n n 
x ^ > x x 
cover of the compact set d and hence there is a finite subcover -I B , . . 
1 mi 
. , B y of d. Let c be the element of C which is the union of the B 's. 
miJ mi 
For the corresponding c*; P[c*] is a neighborhood in X/D of d contained 
in U. m 
Lemma (Urysohn's metrization theorem) Each regular T x topological 
space satisfying the second axiom of countability is metrizable. See [3] 
for a proof. 
Theorem 4.18 Let X be a topological space with an u.s.c. decom­
position D whose elements are compact subsets of X. If X is a separable 
metric space then so is X/D. 
Proof Each separable metric space is regular, Hausdorff, and 
satisfies the second axiom of countability. Hence the elements of D are 
closed in X. By Theorems 4.9, 4.l6; and 4.17, the space x/D is T 1 ; regu­
lar, and satisfies the second axiom of countability. The metrizability 
of X/D follows from Urysohn's theorem and separability follows from Theo­
rem 4.8. M 
The preceding three theorems are modifications of the ideas found 
in G. T. Whyburn's proof of Theorem 4.18 (see [6], p. 123). 
It is natural to ask which decompositions are u.s.c. Whyburn gives 
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the example in [6] of the decomposition of a compact space by its component 
The next two theorems provide more examples. They are generalizations of 
two theorems found in [6j and the proofs are original„ 
Theorem 4.19 Let f be a continuous function on the compact topo­
logical space X onto the Hausdorff space Y. Let D be the decomposition of 
X into the inverse sets of points in Y, then D is an u.s.c. decomposition 
for X. 
Proof Let C be a closed subset of X and let A be the set (J-jd: deD 
and dC ^  Suppose that A is not closed. Then there is a limit point p 
of A which does not belong to A, and consequently does not belong to C. 
There is a net S with domain E directed by ^  and with range contained in 
A which converges to p.. Since f is continuous, the net f(S) converges to 
f(p). Let d = p[s(n)] for each n in E and choose an element r in each 
' n v n 
d^C. Since C is closed subset of a compact space, C is compact and there­
fore there is a subnet r which converges to some r in C. Now the net 
f(r ) converges to f(r) in f[c]. Since the d 's are point inverses under \
 n / x n 
k 
f, it follows that f(s(n )) = f(r ) = f[d ] and therefore f(r ) con-
k. n, n, n, k k k 
verges to f(p). In a Hausdorff space the convergence of a net is unique 
and thus f(r) = f(p).. Hence reCf'1f(p) so that Cf 1(f(p)) * $ and there­
fore f~1(f(p)) CIA which is a contradiction since p is not in A. | 
Corollary If the compact space X and the space Y are separable 
metric spaces, f is a continuous function on X onto Y, and D is the decom­
position of X into the inverse sets of the points of Y then X/D is a sepa­
rable metric space. 
Proof The decomposition D is u.s.c. by Theorem 4.19- The points 
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of Y are closed hence the elements of D are closed subsets of a compact 
space and hence compact. Theorem k.lQ yields the conclusion. M 
Theorem 4.20 Let the topological space X be Hausdorff and locally 
compact and let Y be a Hausdorff topological space, If f is a continuous 
function on X onto Y such that for each y in Y f"1(y) is a continuum, 
then the decomposition D of X into the point inverses of Y is u.s.c. 
Proof Let C be a closed subset of X and let A be the set U-jd: deD 
and dC ^ Suppose that A is not closed. Then there is limit point p 
of A which does not belong to A. Each point of f_1(f(p)) can be covered 
with a closed compact neighborhood not intersecting C and consequently 
there is a finite subcover K of f_1(f(p)) since it is compact and such 
that KG = $. There is a net S with domain E and range contained in A 
which converges to p. Let d = p[S(n)] for each n in E. Since K is a 
n v 
neighborhood of p there is an N in E so that for each n ^  N S(n)eK. Now 
each d B(K) ^  $ for each n ^ N, otherwise d K and d (X - K) would be a 
n n n v 
separation for d , where B(K) denotes the boundary of K. Choose an r(n) 
in d B(K) for each n ^ N. The set B(K) is a closed subset of the compact 
set K and is therefore compact. Thus there is a subnet of r(n), say 
r(n(k)), which converges to a point r in B(K). The continuity of f im­
plies that the net f(r(n(k))) converges to f(r). But since each r(n(k)) 
and S(n(k)) are in the same point inverse set d it follows that f(r(n(k))) 
- f(S(n(k))) and therefore f(r(n(k))) converges to f(p) and f(p) = f(r). 
Thus it follows that f~1(f(p))B(K) contains r which is a contradiction since 
f~J(f(p)) lies in the interior of K- H 
Corollary Let the topological space X be Hausdorff, and locally 
compact and let Y be a Hausdorff topological space, Let f be a continuous 
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function on X into Y such that for each y in Y, f _ 1(y) is a continuum and 
let D he the decomposition of X into the point inverses of Y under f. If 
X is separable metric then so is x/D. 
Proof The decomposition is u.s.c by Theorem 4.20. The points of 
D are compact in X since they are continua. Thus, by Theorem 4.l8, x/D 
is separable metric. 0 
Theorem 4.21 If D is an u.s.c. decomposition of the locally compact 
topological space X, then x/D is locally compact, where the members of D 
are compact. 
Proof Let d be a member of D. For each x in d there is a compact 
neighborhood C of x. Let U denote the interior of C for each x in d. 
x x x 
There is a finite sub cover -| U , . . . , U L of d. Let V= Ui d- : d-eD 
I X l XnJ L 
and d d U U U The set p[v] is an open subset of the compact set 
i=l V 
n 
P[ U C ] = C*. Hence C* is a compact neighborhood of d. | 
i=l I 
Theorem 4,22 If the locally connected topological space X has an 
u.s.c, decomposition D, then x/D is locally connected. 
Proof Let d be a member of D and let U be an open set in x/D, con­
taining dc. The set P~1[u] is an open set in X which contains d. For each 
x in d the component C of P"1[.U] to which x belongs is a neighborhood of 
x. Let the set W be the union U"j^ x : xedj-. Then W is a neighborhood of 
d contained in P" 1[u] . Let M = U -jd: deD and d C W ° | where W° denotes the 
interior of W in X. Now d C M C W C P ' M l l ] and M is open by the u.s.c, of 
Da Also P[w] = U^PtC^] : xedj- and each PtC^ .] is connected and contains 
the common point d. Hence p[w] is connected and thus is a subset of the 
component of U to which d belongs. The open set p[M] is contained in W 
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and therefore the component to which d belongs is a neighborhood of d in 
X / D . • 
Theorem 4.23 Let X and Y be compact Hausdorff spaces, let f be a 
continuous function on X onto Y, and let D be the decomposition of X into 
the components of the inverses of points in Y under f. Then f has a m-1 
decomposition; i.e., there is a monotone map m(the proj. map P) and a 
light map L(f(m-1)) such that f = L(m). 
For the proof see [l], p. 137-
Corollary Each closed subspace A of the space X in Theorem 4.23 
allows f/A to have a m-1 decomposition. 
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CHAPTER V 
PRODUCT SPACES 
Given a collection of topological spaces, a topology can be defined 
on their Cartesian product. The induced properties are the properties of 
each space in the collection which are inherited by the product space and 
conversely. 
Definition 5*1 Let Q be the collection of non-empty sets : aeA 
I a 
The Cartesian product of the members of Q, [J-jx^ : aeA^, is the collectioi 
of all functions with domain A and with range contained in |J aeA~j» 
such that for each a in A, f(a) is in X . 
'
 x
 a 
Definition $.2 For each a in the index set, A define the function 
P with domain N X : aeA I and range X by 
a -L -L I a I a 
Pa(f) = f(a) for each f injjjx^ aeA^. 
Each function P is called the projection map into the a-th coordinate 
a 
space. 
Definition 5»3 Let H^ a : aeAj- be a collection of topological spaces 
A subbase for the product topology consists of all subsets of the product 
in the form P _ : L[U ] where U is an open set in X and a is in A. Conse-
a a a a 
quently, a base for the product topology consists of all sets in the form 
p^P a _ 1[U a] : aeF~j- where F is a finite subset of the set A. Refer to 
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[3]* Chapter 3 for more complete details. 
Theorem 5.1 The projection map P^ on the product of topological 
spaces J~[-jxa° aeAJ- is an. open continuous map for each a in A. 
Proof The continuity fellows from the definition of P . Let W he 
an open set in the product topology, let a be a member of A and let f be 
in W. There is an element of the base in the form V = nj^P^"1^^] '• l3€F^|" 
containing f such that Y CT. W. If a is In F then P [v] = U C P [w] where 
a a a 
U is open in X^. If a is not a member of F then P [v] = X and hence in 
a a a a 
both cases P (f) is an interior poir.vt of X . M 
a a 
Remark From this point forward the product JJ-jx^ : aeAJ- will be 
written simply as X with the index set being understood as A unless 
J- J- Q, 
stated specifically otherwise. 
Theorem j?.2 Let -< X s aeAl- be a collection of topological spaces. 
_ _ _ _ _ _ ^
 a j 
If each X & is T Q, or T2, then the product [J X & is T 0, T x, or T 2, re­
spectively. 
Proof Suppose each space is T 2. Let the distinct functions f and 
g be members of Xr . There is at least one a in A so that f(a) ^  g(a). 
Since X is T 2 there are disjoint open sets U and V in X such that U a a 
contains f(a) and V contains g(a). The required disjoint open neighbor­
hoods of f and g in IT X^ are P "M'u] and P "1[v]. | (Similarly for T 0, 
-L a a a 
The next theorem is taken from [3]• 
Theorem 5.3 "j^- 1 - £ A J - ^ e a collection of topological spaces 
satisfying the first axiom of countability. The space X is first 
countable if and only if all but a countable number of the X 's are indis-
a 
crete. 
ko 
The proof is found in [3]- The next theorem appears as an exercise 
in t3l. 
Theorem 5.k If ^ %-a: aeAJ- is a family of topological spaces then 
]J X is second countable if and only if each X is second countable and 
a 3, 
all but a countable number of the X 's are indiscrete. 
a 
Proof Suppose X is a second countable. For each a in A, G = 
countable base for X^. Now JJ X^ is first countable since it is second 
countable and thus by Theorem 5*3 all but a countable number of the spaces 
X are indiscrete, 
a 
Suppose each X is second countable and all but a countable number 
a 
are indiscrete. Let D be the collection of all elements a of A such that 
X is not indiscrete. For each a in the countable set D let S be a 
a a 
countable base for X . The collection 
a 
j^  H j p a " 1 ^ ] : aeFJ-:F is finite and U^eS^ 
where each F CZA, is a countable base for X . 8 
-L J- 3, 
The following theorem appears as an exercise in [3]* 
Theorem 5-5 Let -y^a° aeAJ- be a collection of regular topological 
spaces. The product X is regular. 
a 
Proof Let W be a neighborhood of the element f in the product 
space. Let B be an element of the base for the product topology in the 
form Q •< P - 1 [ u ] : aeFl where F is finite, which contains f and is con-j a a 1 
tained in W. Each X is regular and hence there is a closed neighborhood 
a 
V of f(a) contained in U for each a in F. Let V = Hi P _ 1 [ v ]- aeF^ 
a a a a J 
hi 
THEN V IS A CLOSED, NEIGHBORHOOD OF F CONTAINED IN W. 9 
THE NEXT THEOREM APPEARS AS AN EXERCISE IN [3]* 
THEOREM 5.6 LET T»E A FAMILY OF TOPOLOGICAL SPACES. THE 
PRODUCT "[J X& IS CONNECTED IF AND ONLY IF EACH IS CONNECTED. 
PROOF SUPPOSE EACH X IS CONNECTED. DEFINE THE SET A: 
— A 
A = -j^GE J| X^: F AND G ARE IN SOME CONNECTED SUBSET OF "j| ^AJ^  
WHERE F IS A FIXED POINT OF JJ X . NOW TO SHOW THAT A IS DENSE IN THE PRO­
DUCT. LET B BE A MEMBER OF THE BASE OF THE PRODUCT CONTAINING G IN THE 
FORM f}< P ~ 1[U ] : K=L, . . . , nL WHERE EACH U IS OPEN IN X . DE-
L AK AK J AK AK 
FINE k± BY 
AI = IHE X : H(A) = F(A) FOR EACH A IN A - ^A X 
-I- J- Q, 
FOR each K = 2, 3, . . . , n define the sets A^ BY 
A^ = jhe JJ X A : h(&J) = g(a^ ) for j = 1, . . . , k-1 
and h(a) = f(a) for a ^  a 1 ; . . . , a^  
EACH A^ IS HOMEOMORPHIC TO X SINCE P IS A HOMEOMORPHISM ON A^ AND THERE-
K K 
FORE EACH A^ IS CONNECTED. FOR K = 1, . . . , N LET S BE THE ELEMENT OF 
THE PRODUCT SUCH THAT S (A.) = G(A.) FOR J = 1, . . . , K AND S (A) = F(A) 
k J J £ 
OTHERWISE. IT FOLLOWS THAT S ^ € ^ ^ + 1 ^ O R K = 1, . . . , N-1 AND THEREFORE 
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N 
THE UNION (J A. OF CONNECTED SETS IS CONNECTED. LET T BE THE POINT OF 
K=L K 
THE PRODUCT SUCH THAT T(A.) = G(A.) FOR J = 1, . . . , N, AND T(A) = F(a) 
3 3 
OTHERWISE. THE POINT T IS IN A^ AND HENCE IN THE UNION OF THE A .^' S, A 
CONNECTED SET ALSO CONTAINING F SINCE F IS IN A X . HENCE T IS A MEMBER OF 
A CONTAINED IN B AND THEREFORE, SINCE G AND B WERE CHOSEN ARBITRARILY, A 
IS DENSE IN THE PRODUCT SPACE. THE PRODUCT SPACE IS THE CLOSURE OF THE 
CONNECTED SET A AND IS THEREFORE CONNECTED. 
SUPPOSE J! IS CONNECTED. EACH X^ BEING THE CONTINUOUS IMAGE OF 
A CONNECTED SPACE IS CONNECTED. B 
THEOREM 5.7 LET [J X^ BE A PRODUCT OF TOPOLOGICAL SPACES. IF JJ X^ 
IS EITHER TQ, T±, OR T 2 , THEN SO IS EACH X . 
A 
PROOF SUPPOSE jj ^ A I S T 2 . LET B BE IN A AND LET X AND Y BE DIS­
TINCT POINTS IN X^. LET F BE ANY MEMBER OF THE PRODUCT WITH THE PROPERTY 
THAT F(B) = X. DEFINE THE MEMBER G OF THE PRODUCT SPACE BY G(a) = F(A) 
FOR EACH a IN A SUCH THAT A ^ B AND G(B) - Y. CONSEQUENTLY F ^ G AND 
THEREFORE THERE ARE DISJOINT NEIGHBORHOODS U* AND V* OF F AND G RESPEC­
TIVELY. LET U AND V BE BASE ELEMENTS CONTAINING F AND G RESPECTIVELY AND 
WHICH ARE CONTAINED IN U* AND V* RESPECTIVELY. THE SETS U AND V WILL BE 
OF THE FORM U = f] IP - 1 [ U ] : aeF^l, AND V = 0 JP - 1 [ V ] :A£F2\, WHERE EACH 
I A A I I A A I 
U IS A NEIGHBORHOOD OF F(A) AND EACH V IS A NEIGHBORHOOD OF G(A). IF B A A 
IS NOT IN FX THEN G IS IN U, A CONTRADICTION, AND IF B IS NOT IN F 2 THEN 
F IS IN V, A CONTRADICTION. HENCE B IS IN FjF2. SUPPOSE THERE IS A Z 
IN U^V ,^ THEN DEFINE H BY H(a) - F(A) FOR A ^ B AND H(B) = Z. IT FOLLOWS 
THAT H IS IN BOTH U AND V, A CONTRADICTION. HENCE U, AND V, ARE DISJOINT 
' B B 
NEIGHBORHOODS OF X AND Y RESPECTIVELY. | 
THE ABOVE THEOREM SERVES AS A CONVERSE TO THEOREM 5.2. THE NEXT 
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theorem is the converse to Theorem 5«3« 
Theorem 5.8 If the product of topological spaces J| X^ is first 
countable, then so is each X . 
a 
The proof follows from the open continuous property of the projec­
tion mappings. 
Theorems 5.9 - 5.12 are taken from [3] • 
Theorem 5*9 The product of Tychonoff spaces is a Tychonoff space. 
Theorem 5•10 (Tychonoff) The product of compact spaces is compact. 
Theorem ^.11 If the product of a collection of topological spaces 
is locally compact then each coordinate space is locally compact and all 
but a finite number are compact. 
Theorem 5•12 The product of uniform spaces is complete if and only 
if each coordinate space is complete. 
The product of normal spaces need not be normal. For an example 
see [3], Problem E, p. 131. 
Let |^a* a eAf "be a collection of topological spaces. For each a 
in A let Y be a subset of X . There are two ways in which a topology on 
a a 
the product JJ Y^ can be imposed. First, each Y^ can be considered a topo­
logical space (with the subspace topology) and hence the product would 
have the product topology. Secondly, j Y can be considered a subset of 
the product J| X^ and thus would have the relative topology in J| X . It 
is an easy exercise to show that both of these topologies are equivalent. 
CHAPTER VI 
TOPOLOGICAL GROUPS 
If a topological space X is also a group in which the group opera­
tions are "continuous" then X has special inheritance properties which 
will be investigated in this chapter. The main reference for this chap­
ter is The group operations will be written using multiplicative 
notation and the intersections of sets will be indicated by f) in order 
to distinguish them from products of subsets of a group. 
Definition 6.1 A set G of elements is called a topological group 
if and only if (l) G is a group, (2) G is a topological space, and (3) 
for each pair of elements a and b of G, and each neighborhood W of ab"1, 
there are neighborhoods U and V of a and b respectively such that UV - 1 C W . 
Lemma Let G be a topological group and let a be an element of G. 
The function defined by f(x) = ax for each x in G is a homeomorphism of 
G onto G. 
Proof Clearly f is 1-1. The continuity properties follow from 
(3) of Definition 6.1. ft 
Lemma Let G be a topological group and let U be an open subset 
of G* If aeG then aU and Ua are open sets, consequently, VU and UV are 
open sets for each subset V of G. 
Proof The set aU Is the homeomorphic image of U. 
Theorem 6.1 Every topological group G is regular. 
Proof Let U be a neighborhood of the Identity e. Since e = ee"1 
*5 
there are neighborhoods y% of e and V 2 of e a l such that VVV^"1 c—U. Let p 
he a member of the closure V, where V = Vi_ fl V 2. Now eeW" 1 CZViVa"1 C U 
and hence pV is a neighborhood of p. There is a y in V so that py = zeV, 
since p is a point of V cr a limit point of V. It follows that p = zy^e 
W o 1 C U and thus VCZU. If, on the other hand, U is a neighborhood of the 
point x in G, then apply the preceding argument to the neighborhood x"1!) 
of e to obtain the neighborhood V such that eeV C Y Crx"-1-!!. The required 
closed neighborhood of x is xV„ 
In the preceding theorem it is shown that if G possesses the pro° 
perty of being regular locally at e, then G inherits the property. The 
next theorem is a generalization of one found in [5], in which second 
countability is assumed. First, however, some results on nets are needed. 
The net S with domain D will be written -{S^ , neDj-. The symbol S^ 
will be used in place of S(n) for each n in D. If jsn, neD*}- is a net, 
then the net -{ T^, keEj- is a subnet of S if and only if there is a function 
n on E with range in D so that T(k) = S(n(k)) for each k in E, and for 
each member m of D there is a member p of E so that k ^  p implies n(k) ^  m, 
where ^ is the relation that directs the set E and ^ directs D. The sub­
net T will be written -< S , keE 
Lemma A subset A of a topological space is compact if and only if 
each net whose range in A has a subnet which converges to some point of 
A. See [3] o 
Theorem 602 If P and Q are compact subsets of a topological group 
G, then the product PQ is compact. 
Proof Let -fs^  neD-j- be a net in PQ= For each n in D there is an 
R in P and a T in Q such that S = R T . Thus <R , r.zDy and AT , neD 
n n n n n | rr j | n' 
he 
are nets in P and Q respectively. Since P is compact, there is a subnet 
R , keEi- of R which converges to a point r in P. Now -IT , keE>- is a 
\ f 1 V 
net in the compact space Q and hence there is a subnet -{T ,
 fjeF}» which 
V 
converges to a point t in Q, Let W be a neighborhood of rt. There are 
neighborhoods U and V of r and t respectively, such that UVCTW. There 
are elements N x and N 2 in the set F so that if j _ N x then R eU and if 
nk. 
J j § N? then T cV. There is an N in F such that N ^ N-, and N _ N 2. I f n, k. 
j § N then R T = S eUV CZW„ Therefore , jeF U converges to 
nk. nk. nk. I nk. J 
J J J J 
the element rt in PQ. P 
Lemma Let G be a topological group, S a basis for the neighbor­
hood system of the identity e, and M a set dense in G. Then B = -jux: 
UeS and xeMJ- is a base for G and 
(1) If U, VeS then there is a WeS such that W C U fl V; 
(2) If UeS then there is a V in S such that W - 1 * - U; 
(3) If UeS, aeU, there is a VeS such that VaC_U; 
(k) If UeS, aeG then there is a VeS such that a^VaCZU. 
For a proof see [5]* 
It will now be shown that the topology for a topological group is 
inherited from the neighborhood system of the identity. 
Theorem 6.3 Let G be a group and let S be a collection of subsets 
of G which satisfy conditions (l) - (k) of the preceding lemma. A topo­
logy for G is uniquely determined such that G is a topological group and 
S is a base for the neighborhood system of the identity e. 
Proof Let B = jux : UeS and X G G | . Let aeUx fl Vy. Thus ax _ 1eU 
and hence by (3) there is a W in S so that Wax"1 C U . Then WaCZUx 
^7 
and ay-^ -eV so that there is a N in S with the property that Nay _ 1CZV and 
hence Na CZVy. It follows then that (N riw)aCZUx f) Vy and therefore, by 
(l), there is an 0 in S such that 0 CZN f] W. Hence Oa czUx f] Vy and since 
eeO, aeOa, Hence B is a basis for a topology for G. 
Let xeG, yeG, NeS, beG, and xy^Nb. There is a W so that Wxy"1Cz: 
Nb, and aUeS so that UU" 1C_W and a V in S so that xy^Vyx - 1 CZU. There­
fore xy-1V"1 CZU"1xy"1 and Ux(Vy)"1 = Uxy"1V"1 CZ UU~xxy_ 1 CZWxy"1 cz: Nb. Hence 
(3) of Definition 6.1 is satisfied and G is a topological group with base B. 
Let W be an open set containing e. There is a neighborhood Ua of 
e such that Ua CZW. Since eeUa then a - 1€U. Hence there is a V in S such 
that Va _ 1CZU or VCZUaCZW. Thus VeS and eeV C W . Hence S is a base for 
the neighborhood system of e. 
In order to show uniqueness of the topology, let T be a topology 
for G such that S is a basis for the neighborhood system of e and G is a 
topological group. Both S and B are subsets of T. Let WeT and let aeW. 
Then eeWa-1€T. There is a U in S such that eeUCZWa"1 and hence aeUa CZW. 
Therefore B is a basis for T. M 
Definition 6.2 Let G be a topological group and let H be one of its 
subgroups. Let G / H denote the set of all right cosets of H in G. Let the 
topology for G / H be the topology of the decomposition space G / D with the 
decomposition D given by D = ^ Hx: X€GJ-, G/H is called the quotient group of G. 
Definition 6.3 Let G be a topological group. A subgroup of the group 
G, H, will be called a subgroup of the topological group G if and only if H 
is closed in the topology of G. 
Theorem 6.4 Let G be a topological group. Each subgroup of G is a 
topological group (but may not be a subgroup of the topological group). 
Proof Let A be a subgroup of G. Let a, beA and W = Wx 0 A where 
Wi is open in G and ab~1eW1. There are neighborhoods LT! and V± °f a:> ^  
respectively in. G such that UxVi"1 CZM±, Let U = A 0 U x and V= A f\v± 
then UCZUi and UCIA. Thus V"1 CZV^1 and V_1CZ:A. Therefore UV- 1C1W 1A 
•- W and hence (3) of Definition 6.1 is satisfied. VI 
Remark If A is a subgroup of the topological group G then A is 
closed by definition and from previous chapters It follows that compact­
ness and local compactness are inherited. 
Theorem 6.5 Let G be a topological group and let H be a subgroup 
of G. The projection map P into G / H is an open map. 
Proof Let U be an open set in G. Now P"1P[u] = HU and is there­
fore open in G. By the definition of quotient topology on G / H , P [ U ] is 
open in G / H . M 
Theorem 6,6 If G is a topological group and H is a normal subgroup 
of G then the projection map P is a homomorphism on G onto G / H and for each 
xeG, p(x) = Hx. 
Theorem 6*7 If H is a normal subgroup of topological group G then 
G / H is a topological group. 
Proof Let W be an open set in G / H such that (Hx)(Hy)"1€W. The 
set B= P = 1[w] is open in G. Now (Hx)(Hy)"1 = Hxy"1eW. Hence there is a 
t in B so that Hxy"1 = P(t) = Ht and therefore xy"1 = th for some h in H. 
In other words x(hy)"1 = teB. Since G is a topological group there is an 
open set U containing x and an open set V containing hy such that UV"1CZ.B. 
Observe that Ptuv 1] = P[u](p[v])"1 which is a subset of W, where p[ll] and 
P[v] are open sets containing Hx and Hy respectively. H 
Theorem 6 8 Let G be a topological group and let H be a normal 
k9 
subgroup of G . If G is second countable then G / H is second countable. 
Proof If B = "{^ nj" "*"S a c o u n" a^ }^- e ^ a s e for G then, since P is open, 
•jp[_n]j- is a countable base for G / H . W 
Theorem 6.9 If G is a compact (locally compact) topological group 
then each of its quotient groups is compact (locally compact). 
Proof The assertion follows from the open continuous property of 
the projection map P. 
Theorem 6.10 Let G be a topological group which is second countable. 
If H is a compact normal subgroup of G and if G / H is compact then G is 
compact. 
Proof Let ^ a n ^ b e a sequence of elements of G. Then |p(an)j" h a s 
a convergent subsequence -jp(a )L which converges to some a* in the com-
pact G / H . Let -JBjk be a basis of the neighborhood system of the identity 
e in G such that each BV_Z)B . Now P[B, ] is a neighborhood system of 
the identity H in G / H and P[B ] ZD p ^ B k + 1 ^ f o r e a c h k = 1, . . . . Since 
P(a ) converges to a* then P(a Ja*"1 converges to H . For each posi-
n n 
tive integer m, choose an integer n such that P(a )a*-1€P(B ) and so 
K. m 
n 
that a subsequence of the a. s is formed with x = a, . Now •< x W is a 
^ k m k mf 
n n 
subse quence of -I afc L such that P(x Ja^^PfE^) for each positive integer 
nu Let aeP" 1^*) and for each positive integer m choose a \ 1 €( p( x m) a*~ 1)) 
P| B m* Let c^ = b^a for each positive integer n. Then "| c nj- converges to 
a. Now P(c ) = P(b )p(a) = P(x )&*-1a* = P(x ). Let d = x c - 1 . Then v
 n' x n n y x n y n n n 
the sequence ^ nj" a s u ^ s e ^ °^ c o mP a c't se"t H and hence there is a 
subsequence -I d^ V which converges to some d in H » Since jc^ I converges 
r U nJ r . L nJ 
to a and -j d^ V converges to d it follows that < d^ c^ V converges and hence 
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-jx^  j- converges which in turn is a subsequence of "j'anj- which converges. M 
Theorem 6.11 Let G be a topological group• If H is a subgroup of 
G then H is a subgroup of the topological group G. If H is a normal sub­
group then so is "H. 
Proof Suppose H is a subgroup of G. Let the elements a and b be 
members of H. Let W be a neighborhood of ab"1. There are neighborhoods 
U and V of a and b respectively such that U V " 1 ^ W. There are points x 
and y of H such that x is in U and y is in V. Now x y 1 is a member of H 
such that xy"1€UV"1 C2w and therefore ab - 1eH. Thus H forms a group. 
Suppose H is normal. Let h be in H and let a be in G. Let W be a 
neighborhood of aha"1. Since a - 1Wa is a neighborhood of h there is an 
element h x of H so that h^aT1^ or in other words ah1a"1eW. Since H is 
a normal subgroup it follows that ahia-^ -eH and hence aha-1eH. I 
Definition 6.4 Let G and G* be topological groups. A function f 
on G onto G* is an isomorphism on the topological group G onto the topo­
logical group G* if and only if f is an isomorphism on the group G onto 
the group G* and f is a homeomorphism on the topological space G onto the 
topological space G*. 
Definition 6.5 A function g on a topological group G into a topo­
logical group G* is a homomorphism on the topological group G into the 
topological group G* if and only if g is a homomorphism on the group G in­
to the group G* and g is a continuous function on the topological space G 
into the topological space G*. 
Remark Let G be a topological group and let H be a normal subgroup 
of GO The projection map P is a homomorphism on the topological group G onto 
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the topological group G/H. 
Theorem 6.12 Let f he a homomorphism on the group G into the group 
G*. (l) If for each neighborhood U* of the identity e* in G* there Is a 
neighborhood U of the identity e in G such that f[u] CLU*, then f is con­
tinuous on G. (2) If for each neighborhood U of e there is a neighbor­
hood U* of e* such that U* CZf[u], then f is open on G. 
Proof Suppose the condition in (l) is satisfied* Let the point a 
be a member of G and let U* be a neighborhood of f(a) in G*. The set 
U*f(a)~1 is a neighborhood of e*. Hence there is a neighborhood V of e 
such that f[v] <ZZU*f(a)"1. It follows that f(Va) = f(V)f(a)CZU*. 
Suppose the condition in (2) is satisfied. Let U be an open set 
in G; let aeU« Now Ua""1 is a neighborhood of e and hence there is a U*, 
open in G*, which contains e* such that U* CZf [Ua"1]. Thus U*f (a) CZ f [Ua - 1] 
f(a) = f[u] and hence U*f(a) is the desired neighborhood of f(a). I 
Theorem 6.12 could be rephrased as follows. If the homomorphism f 
on the group G into the group G* is continuous at the identity e then f 
is continuous everywhere on G. If f is open at the identity e then f is 
open on G. 
Lemma Let -js^ : aeAJ- be a collection of subgroups of a topological 
group Go The intersection Q^H^: aeAJ- is a subgroup of the topological 
group Go 
Theorem 6»13 Let H be a subgroup of the topological group G and 
let N be a normal subgroup of the topological group Go The intersection 
H f] N is a normal subgroup of the topological group Re 
Proof The fact that H f] N is a normal subgroup of H is an elemen­
tary result in group theory. The subgroup, being the intersection of two 
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closed sets, is closed. • 
Theorem 6.1- Let H and N be subgroups of a topological group G. 
If either H or N is compact then the product HN is a topologically closed 
set in G. 
and r-^j a:re nets in H and N respectively. Since H is compact, there 
is a subnet Jr , keFil such that it converges to a point a in H. But 
Proof Suppose that H is compact. Let *\ S^, neDj. be a net in HN 
which converges to a point c in G. Then there are elements R^ and T^ in 
H and N respectively for each n in D such that S — R T . Thus -< R , neD>-
^ n n n I n; J 
j EJ-
V I 
S , keEl converges to c and hence -< T , keEV- converges to a"1c. Since 
N is closed it follows that a - 1ceN and therefore c is a member of HN. V 
The preceding theorem appears in [5] with the additional assumption 
of second countability. The use of nets in place of subsequences allows 
second countability to be dropped. 
Definition 6.6 Let A be a subset of a group G. Let the symbol 
G[A.I denote the group formed by the intersection of the family of subgroups 
of G which contain A. The group G [ A ] is, then, the minimal group of G 
which contains A. 
Definition 6.7 Let - J G & : aeAj- be a collection of subgroups of a 
group G . The group G is the internal direct product, {xj^ G : aeA}-, of the 
a 
elements of -{G : atAy if and only if 
a 
(1) G is a normal subgroup for each aeA: 
a 
(2) 0[ I) G J = G aeA 
( 3 ) G b n G [ U A « a - G b ] = {e}-
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As with the Cartesian product, the internal direct product will be 
abbreviated \xj0 with the index set being understood to be A. 
a
 ^ c f 1 Definition o.o Let i : aeAj- be a collection of subgroups of a 
group G. The Cartesian product || Gq forms a group under the operation * 
defined by; let f and g be in j| G , then f*g is the function defined by 
(f*g)(a) - f(a)g(a) for each a in A, 
f 1 
Lemma. Let ^ G^: aeAj- oe a family of subgroups of a group G. The 
projection map P is a homomorphism on the group G onto the group G 
a J- a a 
for each a in A. 
Theorem. 6S1S If -I G : b,ca\ is a family of topological groups, then 
~~ { a, j 
J| GG is a topological group. 
Proof Only (3) of Definition 6.1 needs to be verified. Let f and 
g be members of G and let be a neighborhood of fg"1 (where - 1 de-
a 
notes the inverse element in the group and not the function inverse). 
There is an. element W of the base in the form C\< p "1[Ba] :aell such that 
I a J 
W CZW*j where I is a finite subset of A and for each a in I, B^ is open 
in G , and f(a)(g(a))"1eB . Since each G is a topological group there are 
a a a 
open sets and V in G_ such that f(a)eU , g(a)eV , and U (V ) _ 1 CTB . 
a a a a a a a a 
Let u=fl ^ a" 1^ U a^ : a e I | a n d V = ^|'Pa"1'-Va': aeIJ** T h U S U V" 1 i S t h e r e~ 
quired neighborhood of fg'1 which is contained in W. M 
Definition 6-9 Let -{G^ . ae.k\ be a family of groups. The internal 
Cartesian product, |[ "G , is the subgroup of jj G^  consisting of the ele­
ments f of || such that f(a) is the identity in G^  for all except a 
finite, number of a! s in A. 
Theorem 6.3.6 Let jc^: aeA J- be a family of subgroups of a group 
G, where G is a topological group, If G = (x)CT then the topological group 
*—^  3. 
G is isomorphic to the topological group VG . 
a 
Proof It is known, from group theory, that the function h is an 
isomorphism on I I*G onto G where h is defined by h(f) = Xf(a), the product 
^ a 
of the f(a)'s in G for each a in A. 
Let fe]['G . There Is a finite set B such that for each aeA - B, 
f(a) is the identity. By induction, for each b in B there is an open 
set U* in G so that f(b)eU* and xU*CZW. Define U, = G, P| U* for each b b v ' b b b b ' 1 b 
in B. Let the set V be -|pb"1[Ut)] : beB~|. Clearly V is a neighborhood of 
f in 'G such that h[v] C W and hence h is continuous. Let W be an open 1 1
 a 
set in TT'G • Let x be in h[w]. There is an f in W so that x = h(f) = 
-L j- a 
Xf(b). There is a base element U in the form Q-jp'HlJ^] : a e B j ~ s u c n that 
feU CZW. Now h[u] = xU and is hence an open set of h[w] containing x. 
a 
Thus h is .1-1, continuous, and open and therefore a homeomorphism. M 
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